The problem of invariant curves for continuous mean-type mappings is considered. The obtained results are applied in solving some functional equations.
Preliminaries
Let I ⊂ R be an interval. A function M : I 2 → R is said to be a mean on I if, for all x, y ∈ I ,
min(x, y) M(x, y) max(x, y).
A 
M(x, x) = x.
Let us also note the following 
Given a mean-type mapping M : 
Let us quote the following two-dimensional counterpart of a more general result proved in [14] . [3, 4] , where both means are strict; and [11] [12] [13] where it is assumed that at most one of the means is not strict).
Note that in Theorem 1 neither M nor N must be strict. Recall also that Gauss cf. [6] was the first who considered the iterations of the mean-type mapping in a special case when M is the arithmetic mean and N is the geometric mean. 
Main results
then ϕ satisfies the functional equation
where K is a unique continuous (M, N)-invariant mean.
Proof. By Theorem 1, there is a unique continuous
n for the n-th iterate of (M, N) (n ∈ N), and assume that the graph of a continuous function ϕ : J → I is an invariant curve under the
Indeed, by (3.1) this equality is true for n = 1. Assume that (3.3) holds true for some n ∈ N. Since
making use of (3.3) and (3.1) we get, for all x ∈ J ,
and the induction completes the proof of (3.3). Now, by the continuity of ϕ, letting n → ∞ and applying Theorem 1, we
Remark 5. In general, the mean-type mappings are not nonexpansive. Therefore this result cannot be deduced from the Montel theorem [17] (cf. also Kuczma [9] ). Moreover, we assume the continuity of the map T and the invariant curve. In [17, 9] , under the assumption of the Lipschitz-continuity of T , the Lipschitz-continuous invariant curves are considered. 
In the opposite case we would have either
, as a continuous image of the connected set, is an interval. Hence, by the continuity of K , we would get that either K (x, x) = x c for all x ∈ I or K (x, x) = x c for all x ∈ I . This is impossible as K (x, x) = x for all x ∈ I and c ∈ I = Int I . This proves that I K (c) is not a singleton.
To show that I K (c) is an interval take arbitrary points x 1 < 
Clearly, y 1 > y 2 by the strict monotonicity of K . Consider now the continuous function h : I → R defined by h( y) := h(x, y).
Applying again the strict monotonicity of K , we have
The Darboux property of h guarantees the existence of an element y ∈ I such that h( y) = c; that is K (x, y) = c. This means that x ∈ I K (c), which was to be proved. By the strict monotonicity of K , for every x ∈ I K (c) there is a unique y ∈ I such that K (x, y) = c. Thus there exists a
The assumed increasing monotonicity of K implies that ϕ K ,c is strictly decreasing. Take 
Clearly, the range of the function J x → K (x, ϕ(x)) is an interval of the endpoints a, b ∈ R ∪ {−∞, +∞}, a b. If a = b, then this function is constant, and setting c := a, we obtain
Since K is strictly increasing, according to part (i) of our result, we have ϕ(x) = ϕ K ,c (x) for all x ∈ J ∩ I K (c) and, obviously, 
We end this section with the following easy to verify 
where M is a continuous strict mean in an interval I , J ⊂ I , and ϕ : J → I is a continuous function.
Example 1.
Consider the functional equation 
which means that the graph of ϕ is an invariant curve under the mean mapping (A,
According to a theorem of Gauss (cf. [6] , cf. also [1] ), the mean
By Theorem 2 the function ϕ satisfies the functional equation 
Final remarks
The continuous solutions of the functional equation
2 for x ∈ [0, ∞)
(called a division model of population) were established by Dhombres [5] . Note that this is a T -invariant curve equation
where the mapping T = ( f , g) is such that f (x, y) = xy and g(x, y) = y 2 .
stemming from the problem of invariant curves for the mapping T = ( f , g) with f (x, y) = x + y and g(x, y) = P (y) were considered by Jarczyk [8] . tablished, respectively, in [15] and [16] .
